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Abstract. Presented in this paper is a method to generate path and trajectory for robotic polishing of sheet metal
parts that are in general large and placed in an open space. The proposed method includes three elements. The first is
to generate a tool path either based on a CAD model or a scanned data set. The said tool path should cover the entire
polishing area according to the size of the polishing tool and truly guide the tool to follow the surface closely with
the tool axis always along the surface normal. The second element is to generate a motion profile on the top of the
planned path that can create a smooth motion transition among the turning points following a zigzag path pattern.
The third topic is force planning to relate the contact stress with the applied force. Several contact force planning
method are explored. The proposed method is demonstrated through an in-house software for polishing of
automobile sheet metal parts.

1. Introduction
Robotic polishing is a relatively new research
topic. A working method of it is highly desired by the
industries due to its low cost and time efficacy.
However, the research of robotic polishing has
proven to be challenging when it comes to curved
part surfaces. There are several difficulties unique to
curves part surfaces. First, Unlike the flat or near flat
part surfaces, each curved part surface has a unique
geometry that need to be analyzed. The raw geometry
data is usually obtained with either scanning or CAD
model from conceptual design. However, that data
cannot be used directly, and a mathematical model
need to be built base on the data that describes the
part surface.
Second difficulty is the tool path and trajectory
planning. While this is easy to do on a flat surface,
many strategies for tool path planning such as raster
path and spiral path described in previous research [1,
2] are difficult to do on a curved surface. This is
because the distance between the waypoints, normal
and tangent of each way point along the path, as well
as the step-over distance of each path need to be
calculated according to the local surface curvature to
ensure the tool can follow the surface closely with the
tool axis always along the surface normal.
The third difficulty is the changing in contact area
between tool and part surface. This is very largely
affected by the geometry of the part surface. Because
of this, applying constant force can create either
unpolished envelops or unnecessary overlapping [6]
at certain areas. To achieve a finishing result without
any unpolished envelop, a special force planning is
needed.
In this paper, a method is proposed in response to
the those afore mentioned difficulties.

2. Mathematical Model of the Part
Surface
The part surface model can be based on CAD
drawing of concept design, or scanned data of a real
working parts piece. If the part surface is represented
by a CAD model, it is necessary to discretizing the
geometry in order to obtain a set of points and their
coordinates. The discretization of the CAD model is
fairly straight forward. With the software Catia for
example, the procedure usually involves creating 2
sets of parallel planes and use them to intersect the
CAD model. The result of this is 2 sets of curves on
the CAD model surface as shown in Fig. 1 below.

Fig. 1 Discretization of the CAD model

The intersection points of those 2 sets of curves are
uniformly distributed across the surface. The
coordinate data of those points are collected and used
for curve and surface fitting. As for the scanned data,
if the scanning directly measures the coordinates of a
set points in the frame with respect to the measuring
device, there is no need for discretizing, as the data
can be directly used for the curve and surface fitting.
Matlab has a curve fitting tool that gives quick and
accurate result. During the fitting, one need to pay

special attention to the orientation of the coordinate
system to avoid serious error.
The number of the points collected as well as the
choice of the equation can affect the accuracy. In
term of the equation choice, in general, for the same
type of the equations, the equation with higher
number of coefficients has higher accuracy. In term
of the point density, the more points one can have the
better the resulting equation describes the surface. To
check whether the amount points collected is enough,
first a surface function need to be generated with the
coordinates set of the points collected initially, name
it 𝑓𝑛1 . Then reduce a certain number of points
(usually by half) from that very same coordinates set
while maintain the same points distribution and use it
to generate another surface function, name it 𝑓𝑛2 . The
standard deviation of difference can be calculated
with the equation below,

function value at and near the edge and shift the ill
behavior part outward. For comparison, the 𝑦110 used
in Fig. 2 is re-fitted with linear extrapolation to
extend the data set along the x-direction. The result is
shown in Fig. 3. The improvement to the error near
the edge is very significant.
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∑𝑘
𝑖=1(𝑓𝑛1 (𝑥𝑖 , 𝑦𝑖 )−𝑓𝑛2 (𝑥𝑖 ,𝑦𝑖 ))

(1)

𝑘−1

𝑘 is the number of the points (𝑥𝑖 , 𝑦𝑖 )s randomly
degenerated on of the part surface with a uniform
distribution and should be unrelated to the
coordinates set obtained from the discretization or
scanned data. If 3𝜎 is within the allowed error
tolerance, the amount of the points collected is
sufficient.
Nevertheless, this standard deviation of the
difference can be deceiving sometime due to the
fitted functions are naturally ill behaved near the
edges. Fig. 2 below illustrates this issue.

Fig. 3 Plot of (f800 (xi , zi ) − f110 (xi , zi )) vs xi over 600
uniformly distributed points throughout the area of the
surface with linear extrapolation

The linear extrapolation method is extremely useful
when the data collection is a challenging task. If the
data collection is not an issue and can be done with
automatic procedures relatively fast, linear
extrapolation is not unnecessary.

3. Tool Path and Trajectory Generation
3.1 Path Generation
The tool path designed in this paper is a
combination of raster path along the surface and half
circular path to connect each raster curve during the
turning (step-over) as shown in Fig.4.

Fig. 4 Raster path with circular path during the turning.
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Fig. 2 Plot of (f800 (xi , yi ) − f110 (xi , 𝑦i )) vs xi over 600
uniformly distributed points throughout the area of the part
surface in Fig.1. Both are polynomials of same degree.

As the result, the error over the most part of the
surface is actually a lot smaller than the 3𝜎 value.
There is however a simple method to mitigate this
problem. One simply need to linearly extrapolate a
few extra points outside of the actual part surface
based on the a few points that is closest to the edge
on the part surface. The goal of this is to fix the

When planning a path on a curved surface, the initial
raster path is usually a straight line on x-y plane. It
can also be made parallel to one of the surface edge
on x-y plane for better tool coverage. The edge curve
on x-y plane 𝑦 = 𝑓(𝑥) can be obtained directly from
the data points with curve fitting. The step-over
direction should be along the direction which the part
surface has the lowest average curvature and
reasonable flat. Doing so, the sequential raster path
on x-y plane can be approximately described by
𝑦 = 𝑓(𝑥) + 𝑐𝑖 (where 𝑐𝑖 are constants). For most
surface, the direction which it has lowest or highest
curvature can be determined visually. When dealing

with more complicated geometry, the y coordinate
need to be adjusted after, and the method will be
described later. The complete curve equation can be
written as 𝐶⃑(𝑥) = (𝑥, 𝑦(𝑥), 𝑧(𝑥, 𝑦(𝑥))) or in a more
generalized form 𝐶⃑(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)).
The actual path for the tool to follow is consisted
of waypoints, not continues lines. In terms of the
robotic control, it’s much easier to move the tool at a
constant speed and with a constant control input
frequency. To achieve this, every waypoint need to
be separated with same arc length. This requires the
calculation of the total arc length of the path. When 𝑥
is the parameter, the arc length is
𝑏

𝐿 = ∫𝑎 |(1, 𝑦′ (𝑥), 𝑧′ (𝑥, 𝑦(𝑥)))| 𝑑𝑡

(2)

When the total amount points on the path from point
𝑎 to point 𝑏 is decided and total arc length 𝐿 is
calculated, the coordinates that corresponds to equal
divided arc length can be calculated according to
𝐿
∆𝐿 = . If let
𝑛

∆𝐿 =

𝐿
𝑛

𝑥

= ∫𝑥 𝑖+1 |(1, 𝑦′ (𝑥), 𝑧′ (𝑥, 𝑦(𝑥)))| 𝑑𝑡
𝑖

(3)

where 𝑥0 = 𝑎, 𝑥𝑛 = 𝑏. The points 𝑎, and 𝑏 is usually
either the points on the edges or some predetermined
points according to the size of the tool, which are
already known. To obtain the 𝑥𝑖 s, one may start with
point 𝑎, and use the above to solve for each 𝑥𝑖 in
sequence. Eq (3) can be solved numerically in
matlab. However, this may take huge amount
computing power, and make the process very slow.
Sometime, when the polishing does not require an
absolute precision, one can use the converge method
below to approximate the result. Start from point 𝑎,
first let
(1)

𝑥1 − 𝑎 =

𝑏−𝑎

(4)

𝑛

∆𝐿 is already known, let
𝑥

(1)

∆𝐿(1) = ∫𝑎 1 |(1, 𝑦 ′ (𝑥), 𝑧 ′ (𝑥, 𝑦(𝑥)))| 𝑑𝑥

|∆𝐿(1) − ∆𝐿| = 𝑒1

(5)

For each sequential iteration, let
𝑥

(𝑖)

∆𝐿(𝑖+1) = ∫𝑎 1
(𝑖+1)
𝑥1

=

(𝑖)
𝑥1

±𝑒𝑖

|(1, 𝑦 ′ (𝑥), 𝑧 ′ (𝑥, 𝑦(𝑥)))| 𝑑𝑥

± 𝑒𝑖 , |∆𝐿(𝑖+1) − ∆𝐿| = 𝑒𝑖+1

(6)

The ± depends on whether ∆𝐿(𝑖) is smaller or greater
than ∆𝐿. The iteration exits when 𝑒𝑖 is less than the

desired error tolerance. When iteration stops at jth,
(𝑗)
𝑥1 = 𝑥1 . Once 𝑥1 is determined, 𝑥2 can be determine
with the above method by replacing 𝑎 with 𝑥1 and
𝑥1 with 𝑥2 . This method although looks messy, but it
takes much less time to calculate in matlab then solve
𝑥𝑖 s with Eq (3). After all the 𝑥𝑖 s are obtained, the 𝑦
and 𝑧 can be calculated with 𝑦(𝑥), 𝑧(𝑥, 𝑦(𝑥)).
For the cases where the y coordinate need to be
readjusted based on the geometry and error tolerance,
the new y coordinate need be re-calculated according
to equal arc length along the step-over direction with
each curve uses previous curve on the raster path or a
global reference curve as reference. Assume the stepover is along y direction. First, obtain y coordinates
of the raster curve from 𝑥𝑖 s with the method above.
Then one need to calculate the arc length along y
direction at each point of 𝑥 = 𝑥𝑖 based on the
previous curve or a global reference curve. Now let
𝑦1

∆𝑌±𝑖 = ∫𝑦0 ±𝑖 |
±𝑖

𝑑

𝑑𝑦

(𝑥𝑖 (𝑦), 𝑦, 𝑧(𝑥𝑖 (𝑦), 𝑦))| 𝑑𝑦

(7)

∆𝑌0 is the reference distance based on one point on
each curve that can be aligned (or the closet) with the
direction of the step-over. 𝑦0𝑖 is the y coordinate of
the reference point on the reference curve, and 𝑦1𝑖
the y coordinate of the reference point on the
sequential curve. 𝑦0−𝑖 and 𝑦1−𝑖 are the points on the
left side of the reference points 𝑦00 and 𝑦10 , and
𝑦0+𝑖 and 𝑦1+𝑖 are the points on the right side. The
𝑦1𝑖 s can be adjusted based on the converge method
described above with Eq (5, 6), with now ∆𝐿 being
∆𝑌0 and y is the parameter. Note that, in general, the
reference point 𝑦00 , and 𝑦10 is not on the edge of the
part surface, as the edges are rarely aligned with
direction of the step-over. Once all the 𝑦1𝑖 s have
been adjusted, there is yet another problem may
arises, for which the equal arc length along the raster
path that is calculated previously is no longer equal.
However, normally if the direction of the step-over is
carefully chosen with the lowest average curvature,
the change in the arc length along the raster path is
very small and can be complete neglected. Only
when the part surface is extremely unforgiving, then
each raster curve need to be re-fitted with the new
readjusted x and y, to obtain a new curve equation
𝑦(𝑥), and repeat the procedure using Eq (4-6).
Additionally, step-over size should be smaller than
the actual tool’s diameter. Because of this, it is
possible there are some corners may not be touched
by the tool. To mediate this, an additional path along
all the edges may be required, which can be designed
with the method described above with 𝑦(𝑥) (or 𝑥(𝑦))
being the edge curves.
When connecting two adjacent raster paths with
circular or any other type turning path, some miss-

match often occur due to the curvature of the part
surface as shown in Fig. 5.

The boundary conditions of the deceleration stage
(stage 3) are,
𝐿3 (0) = 𝐿2 (1), 𝐿3 (1) = 𝐿2 (1) + ℎ3 ,
𝐿̇3 (0) = 𝑣, 𝐿̇3 (1) = 𝑣𝑒 , 𝐿̈3 (0) = 𝐿̈3 (1) = 0

Fig. 5 Raster path with circular path during turning. (The
discontinuous section is highlighted in circle.)

Using the circular path with the parameter equation
𝑥 = 𝑅 cos 𝑡 + 𝑐𝑥 , 𝑦 = ±𝑅√1 − (cos 𝑡)2 − 𝑐𝑦 as an
example, if the 𝑅 is calculated to account for the
curvature of the surface with Eq (7), the miss-match
can be fixed by moving the center of the circle
(𝑐𝑥 , 𝑐𝑦 ) in order to match the endings of the circle,
𝑥(0, 𝜋), 𝑦(0, 𝜋), with the endings of raster curve. Also
note that in some cases the position of the raster
curve need to be moved as well.
The advantage of using circular path for turning is
that the tool can move at a constant speed alone most
the path without the need to perform difficult
maneuvers.
3.2 Trajectory Generation
The requirements for end-effector trajectory is that
it need to be at rest at the beginning of the path and
reach the required constant operation speed at the end
of the acceleration stage, then maintain the constant
speed till the beginning of the deceleration stage and
come to rest at the end of the entire path. In addition
to that, the velocity profile that connects two
neighbouring waypoints needs to be smooth to avoid
huge acceleration at the end-effector during the
transition.
The arc length of the three stages (acceleration,
constant speed, and deceleration) and the
corresponding speed and acceleration are 𝐿𝑖 (𝜏𝑖 ),
𝐿̇𝑖 (𝜏𝑖 ), and 𝐿̈𝑖 (𝜏𝑖 ), 𝜏𝑖 s are time variable, and 𝑖 = 1,2,3.
This in addition to the consideration of a smooth
velocity profile, the boundary conditions for each
stage are as follow. During acceleration (stage 1),
𝐿1 (0) = 0, 𝐿1 (1) = ℎ1 , 𝐿̇1 (0) = 𝑣0 ,
𝐿̇1 (1) = 𝑣, 𝐿̈1 (0) = 𝐿̈1 (1) = 0

(8)

The boundary conditions of the constant speed stage
(stage 2) are,
𝐿2 (0) = 𝐿1 (1), 𝐿2 (1) = 𝐿1 (1) + ℎ2 ,
𝐿̇1 (0) = 𝐿̇1 (1) = 𝑣, 𝐿̈2 (0) = 𝐿̈2 (1) = 0

(9)

(10)

where ℎ𝑖 s are the corresponding total arc length of
each stage, 𝑣0 , 𝑣𝑒 are the initial and final speed with 0
to be the default, and 𝑣 is the operation speed.
The simplest equations that satisfy those six
boundary conditions are
1 5
∑
𝑛𝑎𝑖𝑛 𝜏𝑖𝑛−1 ,
𝑇𝑖 𝑛=1
1)𝑎𝑖𝑛 𝜏𝑖𝑛−2
(11)

𝐿𝑖 (𝜏𝑖 ) = ∑5𝑛=0 𝑎𝑖𝑛 𝜏𝑖𝑛 , 𝐿̇𝑖 (𝜏𝑖 ) =
1

𝐿̈𝑖 (𝜏𝑖 ) =

𝑇𝑖2

∑5𝑛=2 𝑛(𝑛 −

𝑇𝑖 s are the total time interval for each stage.
Substituting the Eq (8-10) into Eq (11), the six
coefficients can be calculated as,
𝑎𝑖0 = 𝐿𝑖 (0), 𝑎𝑖1 = 𝐿̇𝑖 (0)𝑇𝑖 , 𝑎𝑖2 = 0,
𝑎𝑖3 = 10ℎ𝑖 − 6𝐿̇𝑖 (0)𝑇𝑖 − 4𝐿̇𝑖 (1)𝑇𝑖
𝑎𝑖4 = −15ℎ𝑖 + 8𝐿̇𝑖 (0)𝑇𝑖 + 7𝐿̇𝑖 (1)𝑇𝑖 ,
𝑎𝑖5 = 6ℎ𝑖 − 3𝐿̇𝑖 (0)𝑇𝑖 − 3𝐿̇𝑖 (1)𝑇𝑖

(12)

To calculate the time interval 𝑇𝑖 of the 𝑖th stage for
a given ℎ𝑖 , the following condition
̇

̇

1
𝐿 (0)+𝐿𝑖 (1)
𝐿̇𝑖 ( ) = 𝑖
2

(13)

2

is required. Then, the time interval 𝑇𝑖 can be written
as
𝑇𝑖 =

2ℎ𝑖
𝐿̇𝑖 (0)+𝐿̇𝑖 (1)

(14)

Substituting Eq. (14) into Eq. (12), the six
coefficients are
2𝐿̇𝑖 (0)ℎ𝑖
, 𝑎 = 𝑎𝑖5 =
𝐿̇𝑖 (0)+𝐿̇𝑖 (1) 𝑖2
2(𝐿̇𝑖 (1)−𝐿̇𝑖 (0))ℎ𝑖
−(𝐿̇𝑖 (1)−𝐿̇𝑖 (0))ℎ𝑖
, 𝑎𝑖4 =
𝐿̇ (0)+𝐿̇ (1)
𝐿̇ (0)+𝐿̇ (1)

𝑎𝑖0 = 𝐿𝑖 (0), 𝑎𝑖1 =
𝑎𝑖3 =

𝑖

𝑖

𝑖

𝑖

0

(15)

The value of ℎ𝑖 for stage 1 and 3 can be determined
according to the maximum allowed acceleration
𝐿̈𝑖,𝑚𝑎𝑥 , which set by the capability of the robot. When
the acceleration is at maximum at time 𝜏𝑖 , the
expression of acceleration from Eq (11) satisfying
𝑑𝐿̈𝑖 (𝜏𝑖 )
𝑑𝑡

=

6𝑎𝑖3 +24𝑎𝑖4 𝜏𝑖 +60𝑎𝑖5 𝜏𝑖2
𝑇𝑖3

=0

(16)

Using the results from Eq. (15) and substituting
them into Eq. (16),

𝜏𝑖 = −

𝑎𝑖3
4𝑎𝑖4

=

1
2

(17)

The principal stress on the contact surface is given
by [5]

Therefore, the ℎ𝑖 can be determined with
ℎ𝑖 ≥

3(𝐿̇2𝑖 (1)−𝐿̇2𝑖 (0))
4𝐿̈𝑖,𝑚𝑎𝑥

𝜎𝑧𝑧 = −

⃑⃑(𝑥) = ±
𝑇

|(1,𝑦 ′ (𝑥),𝑧 ′(𝑥,𝑦(𝑥)))|

𝑛⃑⃑(𝑥, 𝑦) =

1
𝐴+𝐵

(

(19)

(20)

𝜕𝑆⃑
𝜕𝑆⃑
where 𝑆⃑𝑥 = 𝜕𝑥 , 𝑆⃑𝑦 = 𝜕𝑦, and 𝑆⃑ = (𝑥, 𝑦, 𝑓(𝑥, 𝑦)).

Similar to the tangent vector, the normal vector can
be affected by the orientation of the coordinate
system. However, unlike the tangent vector, it cannot
be affected with the direction of the path. The normal
vectors are needed for the orientation of the tool.

4. Forcing Planning
The contact area on a curved surface is very
largely depended on the local geometry of the surface
as well as the tool shape. The contact area can be
calculated with the contact stress model. For a quick
summary, the contact area between two disks each
with maximum principle radiuses 𝑅1 , 𝑅2 , and a
minimum principal radius 𝑅1 ′ , 𝑅2 ′ is illustrated in
Fig. 6 below [3-6].

Fig. 6 Contact area between two circular discs [6]

(21)

where 𝑍 is the perpendicular distance away from the
contact surface, 𝑎 and 𝑏 are semi-major, and semiminor axis of ellipse the and
∆=

The ± sign is due to the orientation of the coordinate
system and the direction of the path, as they can
affect the direction of the tangent vector which need
to be adjusted according to the motion of the tool. To
obtain the velocity vector at each waypoint, one
simply need to multiply the speed calculated above
with the unit tangent vector. Normal vector can be
defined as
𝑆⃑ ×𝑆⃑
± ⃑𝑥 ⃑𝑦
|𝑆𝑥 ×𝑆𝑦 |

𝑘 ′2 𝐸(𝑘 ′)𝑛∆

𝑍 2
𝑏
𝑍 2
1+𝑘 2 ( )
𝑏

𝑘 2 +𝑘 2 ( )

,𝑛=√

(18)

In addition to the equations above, the unit tangent
the unit normal vectors at each waypoint are also
needed. The unit tangent vector is
(1,𝑦 ′ (𝑥),𝑧 ′(𝑥,𝑦(𝑥)))

𝑘(1−𝑛2 )𝑏

1−𝜈12
𝐸1

+

1−𝜈22
𝐸2

𝑏

), 𝑘 = , 𝑘 ′ = √1 − 𝑘 2 (22)
𝑎

𝐾(𝑘 ′ ), and 𝐸(𝑘 ′ ) are complete elliptic integral of
first and second kind, 𝐴 and 𝐵 are function of
geometrical properties only [5]. Therefore, with the
principle stress given, the contact surface area is
strictly determined by the geometry of the tool and
part surface. For the tool, it generally has a regular
shape, and most commonly flat surface. When the
tool is flat, the expression for 𝐴 and 𝐵 reduce to
𝐴=

1
𝑅2 ′

, 𝐵=

1
𝑅2

(23)

𝑅2 and 𝑅2 ′ are the principle radiuses of the part
surface. The applied force can be related to semi
minor axis 𝑏 with
𝐹=

2𝜋𝑏 3
3𝑘𝐸(𝑘 ′)∆

(24)

In addition to that, the relation [5]
𝐵
𝐴

1
′
′
2 𝐸(𝑘 )−𝐾(𝑘 )
𝐾(𝑘 ′ )−𝐸(𝑘 ′ )

=𝑘

(25)

can be used to solve for the value of 𝑘. Additionally,
with the expression of 𝐴 and 𝐵 for flat tool, it’s easy
to show from Eq (21) that the semi-minor axis of the
contact surface is approximately proportional to the
principle radius of the part surface under constant
principle stress. When 𝑎 and 𝑏 being known, the
contact area is easy to calculate. Reversely, if there is
a specific requirement for 𝑎 or 𝑏, the applied force
can be calculated with Eq (24).
The calculation of principle radiuses of an arbitrary
geometry requires several steps. First, the principle
directions, namely 𝐷1 (𝑃) and 𝐷2 (𝑃), at a point 𝑃 on
surface are the directions of which the principle
radiuses at point P follow. The method for calculating
principle directions is described in detail in reference
text [7], as well as any standard undergraduate
textbook on differential geometry. The principle
curvatures 𝜅𝑖 are the curvature of curves
𝐶⃑𝑖 (𝑡) = (𝑥, 𝑦𝑖 (𝑥), 𝑧(𝑥, 𝑦𝑖 (𝑥))) at point P, where

𝑦𝑖 = 𝐷𝑖 (𝑃)𝑥 + 𝑐𝑖 , 𝑖 = 1,2. If the curvature is
calculated with the method of differential geometry,
1
the corresponding radius is exactly 𝑅 =
.
𝜅(𝑥)

For clarity, it is convenient to define major
principle radius to be the greater one of the two, and
the minor principle radius as the smaller one. Recall
the earlier definition from contact stress model,
together with the Eq (25), it is required for 𝑅2 ′ ≥ 𝑅2
so that 𝑘 ≤ 1. Therefore, 𝑅2 ′ need to be fixed to be
the major principle radius, and 𝑅2 to be the minor
principle radius. However, in practice, the role of 𝑅2 ′ ,
𝑅2 can change. The plot below shows the principle
directions across the upper part of the part surface in
Fig. 1.

surface. Of course, if one set the contact force big
enough, the contact area will all be equal to the size
of the tool. That however can cause a great deal in
structure deformation, which will change the
geometry of the part surface. The constant major axis
method can ensure a uniform width of the polish
mark when the umbilical points are absent. The
umbilical points add an additional degree of difficulty
in force planning. Therefore, a combination of the
strategies need to be employed for part surfaces with
complex geometry. Moreover, to ensure accurate
result, the structure deformation due to contact force
cannot be ignored. This is a topic will be closely
studied in the future.

5. Summary

Fig. 7 Plot of principle direction pairs on the tool path
generated with the method in the previous section.

It shows the rotation of the contact ellipse across the
surface. More importantly, it shows a sudden rotation
occurs at the highlighted area. That is because there is
a line of umbilical points [7] situated. The umbilical
points are the points on the surface where two
principle curvatures (radiuses) equal to each other.
Most surfaces have umbilical points. A principle
radius along a tool path can go from major to minor
or vice versa when pass through umbilical points.
The value of the principle radius need to checked to
ensure 𝑅2 ′ ≥ 𝑅2 , and the major and minor axis of the
ellipse need to be exchanged accordingly (the ellipse
would lay down on the side). There are strategies
such as constant principle stress can be used for force
planning. In addition, constant major semi-axis is
also a viable method.

Fig. 8 Plot contact area along the tool path using constant principle
stress defined in Eq (21). The z value is set to be 0.0001, materials
are aluminum (part surface) and alumina (tool). To produce this
plot the principle stress is set at around 10 bar.

The plot above shows the contact area varies
dramatically across the upper part of the part surface
in Fig. 1 according to the curvature of the part

In this paper, a method for robotic polishing
planning is purposed that consists three elements. The
first element is to generate a mathematical model
based on the discretization of the part surface model.
The second element is to plan a tool path and
trajectory on the part surface based on the
mathematical model obtained in the first element.
The third element is force planning. By using the
contact stress method, a uniform width of the
polishing track can be possibly achieved by adjusting
the applied force according to the local geometry.
structure deformation due to contact force will be
researched in future to ensure better result.
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